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Abstract
For quadratic number )elds F with 2 ∈ NF=Q(F∗), we set up the relations between the class of
dyadic ideal in narrow class group and the element of order 4 in the tame kernel, and determine
the 2n(n¿ 2)-rank of the tame kernel of some quadratic number )elds and their Tate kernels.
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1. Introduction
Let OF be the integral ring of a quadratic )eld F=Q(
√
d). Browkin and Schinzel [3]
have given 2-rank formulas and forms of elements of order 2 in K2OF ; Qin [13,14] has
got a method to calculate 4-ranks of K2OF ; Hurrelbrink and Kolster [9] have presented
an eBective way of computing 4-ranks of K2OF for those relative quadratic extensions
via the determination of the F2-ranks of certain matrices of local Hilbert symbols.
Recently, for F =Q(
√
d), E=Q(
√−d); we [7] have given 4-rank formulas of K2OF :
r4(K2OF) = a(F) + r4(C(E));
where a(F) =−1; 0, or 1 is a constant determined eBectively by the RedFei’s matrices
of F and r4(C(E)) is 4-rank of the narrow class group C(E) of E; we [17] have got
the relation between r4(K2OF) and r4(R2F) (i.e., 4-rank of Hilbert kernel R2F).
 The paper is supported by Morningside Center of Math. and the Shanghai Postdoctoral Science Foundation.
∗ Corresponding author. Institute of Math., Fudan University, Shanghai 200433, People’s Republic of China.
E-mail address: yueqin2@263.net (Q. Yue).
0022-4049/02/$ - see front matter c© 2002 Elsevier Science B.V. All rights reserved.
PII: S0022 -4049(00)00179 -1
230 Q.Yue / Journal of Pure and Applied Algebra 166 (2002) 229–238
In this paper, we mainly investigate the structure of the 2-Sylow subgroup of K2OF
in the case: F=Q(
√
d);  ∈ K2OF; 2={−1; m(u+
√
d)}; d=u2−2w2; u; w ∈ N; m|d.
We set up the relations between the 2-Sylow subgroup of K2OF and the class of dyadic
ideal in the narrow class group C(E), E =Q(
√−d).
In Section 2, we get that such  is independent of the choice of u; w and see two
conjectures [6] clearly.
In Section 3, by discussing whether  ∈ R2F , we get the following results:
Theorem 3.2. Let F =Q(
√
d); E=Q(
√−d); d=p1 : : : pr a squarefree integer; each
prime pi ≡ 1mod 8, AE is the Red9ei’s matrix of E; rankF2 AE=r−1; then r4(K2OF)=
1; r8(K2OF) = 0; if and only if either 2r+2||h(−d) if d ≡ 1mod 16 or 2r+3|h(−d) if
d ≡ 9mod 16.
Theorem 3.5. Let F=Q(
√
d); E=Q(
√−d); d ≡ 7mod 8; 2 ∈ NF; rankF2 AE= r−1.
Then r4(K2OF) = r8(K2OF) = 1 and r16(K2OF) = 0 if and only if d ≡ 7mod 16.
Theorem 3.7. Let F = Q(
√
d); E = Q(
√−d); d = p1 : : : pr ≡ 1mod 8; 2 ∈ NE;
rankF2 (AF) = r − 1; and  is the fundamental unit of F. Then d ≡ 9mod 16 if and
only if r8(K2OE) = 0; moreover either −1 ∈ E if NF=Q() =−1 or NF=Q(1 + ) ∈ E
if NF=Q() = 1.
In this paper, we always assume that F=Q(
√
d); E=Q(
√−d); d¿ 2 a squarefree
integer, C(F) the narrow class group of F , and C(E) the (narrow) class group of E,
and we denote NF=Q(F∗) by NF simpler. Let G be a )nite Abelian group, we shall
denote the 2n-rank of G by r2n(G), n ∈ N.
2. Dyadic ideal and tame kernel
For general number )elds F , Tate [15] has got all elements of order at most 2 in
K2F : {−1; a}; a ∈ F∗, and [F :F∗2] = 2r+1, where F = {a ∈ F∗ | {−1; a} = 1} is
called the Tate kernel of F and r is the number of complex places of F .
By the result and Quillen’s sequence [11], Browkin and Schinzel [3] have given all
elements of order 2 of K2OF for quadratic )elds F .
Lemma 2.1. Let F =Q(
√
d); E =Q(
√−d); d¿ 2 a squarefree integer. Then
(1) all elements of order at most 2 of K2OF are of the forms
{−1; mj};
where m is an odd divisor of d positive and negative; 1 = 1; and j = uj +
√
d; u2j −
jw2j = d; uj; wj ∈ N; j ∈ {−1;±2} ∩ NF;
(2) all elements of order at most 2 of K2OE are of the forms
{−1; mj};
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where m is an odd positive divisor of d; 1 = 1; and 2 = u +
√−d; −d = u2 − 2w2;
u; w ∈ N.
H. Qin [13,14] has given the conditions of K2OF with elements of order 4.
Lemma 2.2. Let F = Q(
√
d); E = Q(
√−d); d¿ 2 a squarefree integer; and m an
odd positive divisor of d.
(1) Then there is a  ∈ K2OF such that 2 ∈ {−1; m} if and only if there is a
 ∈ {±1;±2} such that(
dm−1
p
)
=
( m
l
)
= 1; for every odd primes p|m; l|dm−1;
there is a  ∈ K2OE such that 2 = {−1; m} if and only if there is an  ∈ {1; 2} such
that m ∈ NF .
(2) Suppose that 2 ∈ NF (i.e.; 2 ∈ NE). Then there is a  ∈ K2OF such that
2 = {−1; m(u+√d)}; d= u2 − 2w2; u; w ∈ N if and only if there is  ∈ {±1} such
that (
dm−1(u+ w)
p
)
= 1; for every odd prime p|m;(
m(u+ w)
p
)
= 1; for every odd prime p|dm−1; (2.1)
there is a ′ ∈ K2OE such that ′2 ={−1; m(u′+
√−d)}; −d=u′2−2w′2; u′; w′ ∈ N;
if and only if m(u′ + w′) ∈ NF .
We explain that Lemma 2.2(2) is independent of the choice of u; w ∈ N.
Theorem 2.3. Let F=Q(
√
d); E=Q(
√−d); d¿ 2 a squarefree integer; and 2 ∈ NF .
(1) If d = u2 − 2w2; u; w ∈ N. Then [P2] ∈ C(E)4; where [P2] is the class of a
dyadic ideal P2 in the (narrow) class group C(E); if and only if (2:1) holds with
some m and = 1. Moreover, (2:1) is independent of the choice of u; w.
(2) If −d= u′2− 2w′2; u′; w′ ∈ Q. Then [P′2] ∈ C(F)4; where [P′2] is the class of a
dyadic ideal P′2 in the narrow class group C(F); if and only if m(u
′ + w′) ∈ NF for
some m; which is independent of the choice of u′; w′.
Proof. (1) Since d=u2−2w2=2(u+w)2−(u+2w)2; u; w ∈ N; (u+2w+√−d)OE=
P2P2u+w, where P
2
2 = 2OE; Pu+wPu+w = (u + w)OE; Pu+w is the conjugate ideal of
Pu+w. Hence [P2]=[Pu+w]2 in the (narrow) class group C(E). By genus theory, Gauss
theorem, and Legendre theorem, we have
[P2] = [Pu+w]2 ∈ C(E)4
⇔ [Pu+w][Pm] ∈ C(E)2, where P2m = mOE for some m|d.
⇔ NE=Q(Pu+wPm) = m(u + w) ∈ NE, i.e., m(u + w) z2 = x2 + dy2 has nontrivial
solutions in Z.
⇔ (2:1) holds with some m and = 1.
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Suppose that, for some u; w ∈ N with d=u2−2w2, there is not =1 such that (2.1)
holds. Then, by [14,17] the forms of elements of order 4 in K2OF , there are some
m;m|d; and =−1 such that (2.1) holds if and only if there is a  ∈ K2OF such that
2 = {−1; m(u+√d)} and the Hilbert symbol #∞i()= (−1)i ;∞i real places, i=1; 2.
Hence, for arbitrary u; w ∈ N with d = u2 − 2w2, there is not  = 1 such that (2.1)
holds, but there must be =−1 satisfying (2.1).
(2) It follows from the )rst part of (1).
In fact, suppose that, for some u; w ∈ N with d = u2 − 2w2, there are  = 1 and
=−1 such that (2.1) holds, then, for any u; w ∈ N with d= u2 − 2w2, there are so.
By Theorem 2.3, we see two conjectures [6] presented by Conner and Hurrelbrink
clearly. First, we show the RedFei’s matrix.
Let D be the discriminant of F = Q(
√
d) and D = p∗1 : : : p
∗
t be decomposition of
D into a product of prime discriminats: p∗i = (−1)(p−1)=2pi(pi odd primes), −4; 8;−8
(pi = 2). In the case 2|D, put pt = 2. We de)ne the t × t RedFei’s matrix AF = (aij)
with coeNcients in F2 = Z=2Z by
(−1)aij =


(
p∗i
pj
)
if i = j;(
D=p∗i
pi
)
if i = j:
Let A′F be the (t − 1) × t matrix obtained from AF by deleting the t-th row, then
rank A′F = rank AF for the sum of all rows of AF is equal to 0. Hence we have RedFei’s
criteria: r4(C(F)) = t − 1− rank AF and the following lemma.
Lemma 2.4. Let F=Q(
√
d); d=p1 : : : pr a squarefree integer; and each prime pi ≡
1mod 4. Then rankF2 AF = r − 1 if and only if r4(C(F)) = 0 and N () =−1; where 
is the fundamental unit of F.
In the following, we give another method to prove the two conjectures [6].
Corollary 2.5. Let F =Q(
√
d); E=Q(
√−d); d=p1 : : : pr a squarefree integer; and
each prime pi ≡ 1mod 8. Then the followings are equivalent:
(1) r4(K2OF) = 0
(2) rankF2 AE = r − 1; where AE = (aij) is the Red9ei’s matrix of E; and an odd
number of primes p1; : : : ; pr fail to be represented by the quadratic form x2 + 32y2
over Z.
(3) 2r+1||h(−d); which is the class number of E.
Proof. By [17, Theorem 3:1], r4(K2OF)=0 if and only if r4(C(E))=1; i.e., rankF2 AE=
r − 1, and the system of equations
A′E


x1
...
xr+1

=


a1
...
ar

 (2.2)
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has no solution over F2, where ((u+w)=pi)= (−1)ai ; ai ∈ F2; i=1; : : : ; r, if and only
r4(C(E)) = 1; [P2] ∈ C(E)2; and [P2] ∈ C(E)4, where P2 is a dyadic ideal, by the
process of proving Theorem 2:3 if and only if r4(C(E)) = 1 and r8(C(E)) = 0 if and
only if 2r+1||h(−d).
On the other hand, by r4(A′E)= r−1 and pi ≡ 1mod 8, (2.2) is solvable if and only
if the Jacobi symbol ((u + w)=d) = 1 if and only if (−1=(u + w)) = 1 by d = 2(u +
w)2− (u+2w)2 and the quadratic reciprocity if and only if u+w ≡ 1mod 4. We know
that pi = a2 + 32b2; a; b ∈ N if and only if pi = u2i − 2w2i ; ui; wi ∈ N; ui ≡ 1mod 4,
w ≡ 0mod 4. Therefore an odd number of primes p1; : : : ; pr fail to be represented by
the quadratic form x2+32y2 over Z if and only if d=u2−2w2; u; w ∈ N; u ≡ 3mod 4,
and w ≡ 0mod 4.
Corollary 2.6. Let F = Q(
√
2d); E = Q(
√−2d); d = p1 : : : pr a squarefree integer;
and each prime pi ≡ 1mod 8. Then the followings are equivalent:
(1) r4(K2OF) = 0.
(2) rankF2 AE = r − 1; where AE = (aij) is the Red9ei’s matrix of E; and an odd
number of primes p1; : : : ; pr fail to be represented by the quadratic form x2 + 64y2
over Z.
(3) 2r+1||h(−2d); which is the class number of E.
Proof. Note that pi = a2 + 64b2; a; b ∈ N, if and only if pi = u2i − 2w2i ; ui ≡ 1,
or, 3mod 8. Then an odd number of primes p1; : : : ; pr fail to be represented by the
quadratic form x2 + 64y2 over Z if and only if u+w ≡ 1, or, 3mod 8, 2d= u2− 2w2.
It follows from the process of proving Corollary 2.5. In fact, we also see Corollary 2.5
and Corollary 2.6 from [1, Theorem 2.1].
3. Elements of order 4 in Hilbert kernel
Let F=Q(
√
d); d¿ 2 a squarefree integer, and d=u2−2w2=2(u+w)2−(u+2w)2,
u; w ∈ N. Suppose that there are some m;m|d; and =1 satisfying (2.1), we shall show
 ∈ K2OF; 2 = {−1; m(u+
√
d)}, more clearly.
Let u+ w = s2u+ w; where u+ w is the squarefree part of u+ w and s ∈ N. Then
w2 + (u+ w +
√
d)2 = 2(u+ w)(u+
√
d);
a2 + db2 = mu+ wc2;
where (x; y; z) = (a; b; c) in N is a relative prime solution of the equation x2 + dy2 =
mu+ wz2. Put (1 =w+(u+w+
√
d)i; (2 = a+ b
√−d; (= (1(2. Let p be a prime, P
a place of F=Q(
√
d) over p, and P a place of M =F(i) over P. By [10, Proposition
1:5] or [5], we need to )nd y ∈ F∗ such that vP(NM=F(())=2+vP(()+vP(y) ≡ 0mod 2
for all )nite places P, P-2. By [17, Theorem 2:2], we only consider the case p|u+w:
vP(NM=F(())=2=vP(s)+vP(u+ w)+vP(c), vP(()=vP((1)+vP((2)=vP((u+w)i+w+
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√−d)+vP(a+b
√−d)=vP(w+
√−d)+vP(a+b
√−d). Put T ={p | vP(w+
√−d) ≡
vP(a+ b
√−d)mod 2, P|p; p|u+ w}; ,=∏p∈T p. Therefore
 =
{
−u+ w +
√
d
w
;
2(u+ w)(u+
√
d)
w2
}{
−
√
db
a
;
mu+ wc2
a2
}
{−1; y};
(3.3)
y = s,c ∈ N, satis)es 2 = {−1; m(u+√d)} and  ∈ K2OF .
Remark 3.1. With the preceding method, we can also discuss an imaginary quadratic
)eld E =Q(
√−d) to get  ∈ K2OE similar to (3.3) (see [17]).
In the following, we consider another case of Corollary 2.5.
Theorem 3.2. Let F =Q(
√
d); E=Q(
√−d); d=p1 : : : pr a squarefree integer; each
prime pi ≡ 1mod 8; AE is the Red9ei’s matrix of E; rankF2 AE=r−1. Then r4(K2OF)=
1; r8(K2OF) = 0; if and only if either 2r+2||h(−d) if d ≡ 1mod 16 or 2r+3|h(−d) if
d ≡ 9mod 16.
Lemma 3.3. Assupation as Theorem 3:2. Then 2r+2||h(−d) if and only if an even
number of primes p1; : : : ; pr fail to be represented by the quadratic form a2 + 32b2
over Z and y = s,c ≡ 3mod 4 in (3:3).
Proof. Since d=u2−2w2 =2(u+w)2− (u+2w)2; w ≡ 0mod 4, and rankF2 AE= r−1,
by Corollary 2.5, 2r+2|h(−d) if and only if an even number of primes p1; : : : ; pr fail
to be represented by the quadratic form a2 + 32b2 over Z if and only if u ≡ 1mod 4.
Suppose that u ≡ 1mod 4 then (x; y; z) = (a; b; c) in N is a relative prime solution
of the equation mu+ wz2 = x2 +dy2, where u+ w is the squarefree part of u+w; u+
w = s2u+ w, and m|d.
First, by (u+2w)2 +d=2(u+w)2 and a2 +db2 =mu+ wc2; (u+2w+
√−d)OE =
P2P2u+w and (a+b
√−d)OE=PmPu+wP2c , where P2; Pu+w; Pm; Pu+w; Pc are integral ideals
of E over 2; u + w;m; u+ w; c, respectively, so [P2] = [Pu+w]2 and [PmPu+w] = [Pc]
2
in the class group C(E). Second, by u+ w = s2u+ w; [Pu+w] = [P′u+w][Ps]
2 in C(E),
where P′u+w and Ps are integral ideals over u+ w and s, respectively. Third, by ,P
′
u+w=
Pu+wP2, ; [P
′
u+w] = [Pu+w][P,]
2 in C(E), where P, is a integral ideal over ,. Therefore,
in C(E); [Pu+w][Pm] = [PsP,Pc]
2 and [P2] = [PsP,Pc]
4 ∈ C(E)4. Hence 2r+3|h(−d)
if and only if [P2] ∈ C(E)8 if and only if [PsP,Pc][Pm′ ] ∈ C(E)2, where Pm′ is a
integral ideal over m′; m′|d, if and only if N (Pm′PsP,Pc) = m′s,c ∈ NE if and only if
s,c ≡ 1mod 4 by the process of proving Corollary 2.5.
Proof of Theorem 3.2. Let d=u2−2w2; w ≡ 4mod 8, u; w ∈ N. By Theorem 2:1 and
Corollary 2.5, r4(K2OF) = 1 if and only if 2r+2|h(−d) if and only if u ≡ 1mod 4 if
and only if  ∈ K2OF as (3.3). By [17, Theorem 3:1], we know that r8(K2OF) = 0 if
and only if  ∈ R2F . Assume that u ≡ 1mod 4 and  is of form as (3.3), hence we
)nd the conditions such that  ∈ R2F .
Q.Yue / Journal of Pure and Applied Algebra 166 (2002) 229–238 235
Since  ∈ K2OF and 2 = {−1; m(u +
√
d)}; the Hilbert symbol #P() = 1 for all
places P; P-2. Hence we only need to consider the Hilbert symbol of  in dyadic place
P. By Lemma 3.3 and [16, p. 250, table], the Hilbert symbol [ − 1; s,c]P = 1; P|2, if
and only if s,c ≡ 1mod 4 if and only if 2r+3|h(−d). We divide two cases to discuss
the Hilbert symbols of  in a dyadic place P.
(i) If d ≡ 1mod 16, then u ≡ 1mod 8 and u+ w ≡ 5mod 8 in d= u2 − 2w2. In the
complete )eld FP ∼= Q2, P = (2; u−
√
d
2 ), since u+ w ≡ 5mod 8 and u+ w ≡ 5mod 8,
only one of a; b is congruent to 2 modulo 4. Hence the Hilbert symbol[
−b
√
d
a
;
mu+ wc2
a2
]
P
= [; 5]P =−1;
where  = 2; or, 6mod P3. On the other hand, (u +
√
d)=2 · (u − √d)=2 = 2w2=4 ≡
0mod P3, then (u − √d)=2 ≡ 0mod P3; u + w + √d ≡ w + 2(u + √d)=2 ≡ 2; or,
6mod P3, and (u+
√
d)=2 = u− (u−√d)=2 ≡ u ≡ 1mod P3. Hence[
−u+ w +
√
d
w
;
2(u+ w)(u+
√
d)
w2
]
P
= [′; 5]P =−1;
where ′ ≡ 2; or, 6mod P3. Therefore #P() =−1 if and only if s,c ≡ 3mod 4 if and
only if 2r+2||h(−d) by Lemma 3.3.
(ii) If d ≡ 9mod 16, then u ≡ 5mod 8 and u+w ≡ 1mod 8 in d= u2− 2w2. By the
preceding argument, we have that (u+
√
d)=2 = u− (u−√d)=2 ≡ u ≡ 5mod P3; P =
(2; (u−√d)=2); u+ w +√d= w + 2(u+√d)=2 ≡ 2; or 6mod P3. Hence[
−b
√
d
a
;
mu+ wc2
a2
]
P
= 1;
[
−u+ w +
√
d
w
;
2(u+ w)(u+
√
d)
w2
]
P
= [′; 5]P =−1;
where ′ ≡ 2; or, 6mod P3. Therefore #P() =−1 if and only if s,c ≡ 1mod 4 if and
only if 2r+3|h(−d).
Corollary 3.4. Suppose that d = p is a prime in Theorem 3:2. Then r4(K2OF) =
1; r8(K2OF) = 0; if and only if either 8||h(−d) if d ≡ 1mod 16 or 16|h(−d) if d ≡
9mod 16.
It was just the conjecture of [4].
Theorem 3.5. Let F=Q(
√
d); E=Q(
√−d); d ≡ 7mod 8; 2 ∈ NF; rankF2 AE= r−1.
Then r4(K2OF)=r8(K2OF)=1 and r16(K2OF)=0 if and only if d ≡ 7mod 16; r4(K2OF)
= r8(K2OF) = r16(K2OF) = 1 if and only if d ≡ 15mod 16.
Proof. By [7, Theorem 3:1] and [17, Theorem 3:1] r4(K2OF)=r8(K2OF)=1; r16(K2OF)
=0 if and only if r4(R2F) = 0 if and only if  ∈ R2F in (3.3). Hence we only need
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to consider the Hilbert symbol #P(); P|2. In the complete )eld FP ∼= Q2(i), by [12]
Artin–Hasse theorem: [a; i]=i(Na−1)=4, where a is a unit of Q2(i); [y;−1]P=1; y ∈ Q2.
For any - ∈ Q2(i),
[-; 1 + -2]P = [-; 1 + i-]P[-; 1− i-]P = [1 + -2; i]P[1 + i-;−1]P:
Hence[
−b
√
d
a
;
mu+ wc2
a2
]
P
=
[
mu+ wc2
a2
; i
]
P
[
1− i b
√
d
a
;−1
]
P
;
[
−u+ w +
√
d
w
;
2(u+ w)(u+
√
d)
w2
]
P
=
[
2(u+ w)(u+
√
d)
w2
; i
]
P
[
1− i u+ w +
√
d
w
;−1
]
P
:
Since d ≡ 7mod 8, take that d = u2 − 2w2; u; w ∈ N; u + w ≡ 2mod 4. Hence
4|u − w and √−d ∈ Q2; so 1 + i(b
√
d=a) ∈ Q2. By [12] Artin–Hasse theorem,
[1−i(b√d=a);−1]P=1; [(mu+ wc2)=a2; i]P[2(u+w)=w2; i]P=[u+ w; i]P[s2u+ w; i]P=1
by m ≡ ±1mod 8. We consider the values of [u+√d; i]P and [1−i(u+w+
√
d)=w;−1]P .
Since (u+
√
d)(u−√d) = 2w2;
[u+
√
d; i]P =
[
u+
√
d
1− i ; i
]
P
= i
w2−1
4 :
Also (w+
√
d) + (w−√d) = 2w and (w+√d)(w−√d) =w2 − d= (u−w)(u+w),
then, without loss of the generality, vP(w −
√−d) = vP(u− w). Hence
[w − (u+ w +
√
d)i;−1]P =
[
i − w −
√−d
u+ w
;−1
]
P
= (−1)(
w−√−d
u+w )
2=4 = (−1)(u−w)2=16:
Also (u − w)2 + 2w2 − 2 = (u − w)2 + 2w2 + 2d − 2(d + 1) = (u − w)((u − w) +
2(u+ w))− 2(d+ 1) ≡ −2(d+ 1)mod 32 by u+ w ≡ 2mod 4 and u− w ≡ 0mod 4.
Therefore
#P() =
{
1; if d ≡ 15mod 16;
−1; if d ≡ 7mod 16:
In Theorem 3.5, suppose that d= p is a prime. Then it is a result of [4].
Corollary 3.6. Let F =Q(
√
d); d ≡ 15mod 16; and 2 ∈ NF . Then r16(K2OF)¿ 1.
Proof. By Theorem 3.5 and [17, Theorem 3:4] r4(K2OF) = r4(R2F). By [2] or [17,
Theorem 3:1] r16(K2OF)¿ 1.
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Theorem 3.7. Let F = Q(
√
d); E = Q(
√−d); d = p1 : : : pr ≡ 1mod 8; 2 ∈ NE;
rankF2 (AF) = r − 1; and  is the fundamental unit of F . Then r4(K2OE) = 1; d ≡
9mod 16 if and only if r8(K2OE) = 0; moreover either −1 ∈ E if NF=Q() = −1 or
NF=Q(1 + ) ∈ E if NF=Q() = 1:
Proof. Suppose that −d=u2−2w2 =2(u+w)2− (u+2w)2; u; w ∈ N. Then the Jacobi
symbol d=(u+w)= (u+w)=d=1 and, by rankF2 (AF)= r− 1, the system of equations
AF


x1
...
xr

=


a1
...
ar


is solvable, where ((u+ w)=pi) = (−1)ai ; ai ∈ F2; i= 1; : : : ; r. Hence r4(K2OE) = 1 by
[7, Theorem 3:1] and there are two positive divisors m1 = 1; m2 of d such that
m1; m2(u + w) ∈ NF , so there are 1; 2 ∈ K2OF such that 21 = {−1; m1}; 22 =
{−1; m(u+√−d)}. We know that the 2-Sylow subgroup (K2OE=R2E)2 ∼= Z=2Z by [2]
and 1 ∈ R2E by [17, Theorem 4:1]. Therefore, by the process of proving Theorem 3:4,
d ≡ 9mod 16 if and only if 2 ∈ R2E if and only if r8(K2OE) = 0 and {−1; m1}= 1,
i.e., m1 ∈ E , which is the Tate kernel of E. On the other hand, by rankF2 (AF)= r− 1
and [8, Theorem 132], N = −1 if and only if each prime pi ≡ 1mod 8 if and only
if m1 = d ∈ E , i.e., −1 ∈ E ; N () = 1 if and only if there is some prime pi ≡
−1mod 8 if and only if N (1 + ) = s2m1 ∈ E; s ∈ Q:
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